m 



=5 



< 



o 



x 



Gevrey Regularity for Solutions of the Non-Cutoff Boltzmann 
Equation: Spatially Inhomogeneous Case 

Teng-Fei Zhang 1 Zhaoyang Yin 2 



O 
^h , Department of Mathematics, Sun Yat-sen University, 



510275, Guangzhou, P. R. China. 



Abstract 

In this paper we consider the non-cutoff Boltzmann equation in spatially inhomogeneous case. We 
prove the propagation of Gevrey regularity for the so-called smooth Maxwellian decay solutions to the 
Cauchy problem of spatially inhomogeneous Boltzmann equation, and obtain Gevrey regularity of order 



l/(2s) in the velocity variable v and order 1 in the space variable x. The strategy relies on our recent results 

> ■ 

for spatially homogeneous case (J. Diff. Equ. 253(4) (2012), 1172-1190. DOT: 10.1016/j.jde. 2012. 04.023). 



Rather, we need much more intricate analysis additionally in order to handle with the coupling of the 



ov 

double variables. Combining with the previous result mentioned above, it gives a whole characterization 



of the Gevrey regularity of the particular kind of solutions to the non-cutoff Boltzmann. 
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1 Introduction 



1.1. The Boltzmann equation 

In this paper we consider the Cauchy problem of the spatially inhomogeneous Boltzmann equation without 
angular cutoff. It reads, with a T > 0, as the following equation, 

f ft(t,x,v) + v-V x f(t,x,v) = Q(f, /)(«), t€(0,T], 
{ f(0,x,v) = fo(x,v), 

for the density distribution function of particles / = f(t, x, v), which are located around position x £ T 3 with 
velocity v € K 3 at time t > 0. The right-hand side of the above equation is the so-called Boltzmann bilinear 
collision operator acting only on the velocity variable v. 



Q(9,f)= / B(v-v*,<r){g'J' -g*f}dadv*. 

JR3 JS 2 



Above, we use the standard shorthand / = f(t,x,v), /* = f(t,x,v*), f = f(t,X,v'), /* = f(t,x,vl). 
The relations between the post- and pre-collisional velocities are described by the cr-representation, that is, 
for a e § 2 , 



, v + v* \v — v*\ i v + v* \v — vJ 

v = — ^ 1 ^ o; v» = — a. 

2 2*2 2 

Note that the collision process satisfies the conservation of momentum and kinetic energy, i.e. 
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The collision cross section B(z,a) is a given non-negative function depending only on the interaction 
law between particles. From a mathematical viewpoint, that is to say, B(z,a) depends only on the relative 
velocity \z\ = \v — v*\ and the deviation angle 8 defined through the scalar product cos 8 = -A- • a. 

Without loss of generality, the cross section B is assumed to be of the form: 

B(v - v*,cos8) — $(\v - vJ)b(cos8), cosd — -. — { ■ a, 0<8<-, 

\v — u»| 2 

where the kinetic factor $ is given by 

$(|«-w*|) = \v- v*| 7 , 

and the angular part b, with a singularity, satisfies, 

smdb(cosd) -d- 1 - 28 , as 8 -> 0+, 

for some < s < 1. 

We remark that if the inter-molecule potential is given by the inverse-power law U(p) = p~^ p ^ (where 
p > 2), it holds 7 = ^5f i s — ~ ZT- Generally, the cases 7 > 0, 7 = 0, and 7 < correspond to so-called hard, 
Maxwellian, and soft potential respectively. And the cases < S < 1/2, 1/2 < s < 1 correspond to so-called 
mild singularity and strong singularity respectively. 

1.2. Review of non- cutoff theory in Gevrey spaces 

We begin with a brief review for the non-cutoff theory of the Boltzmann equation. We refer to Villani's review 
book [I] for the physical background and the mathematical theories of the Boltzmann equation. Furthermore, 
in the non-cutoff setting, Alexandre gave more details in [2] . 

Our discussion is based on the following definition of Gevrey spaces G s (ft) on an open subset H, Q M. 3 
(see [3], for instance): 

Definition 1.1. For < s < +00, we say that f e G s (tt), if f e C°°(Q), and there exist C > 0, iV > 
such that 

ll^VIU'Cn) < C^ +1 {a\y, Va G N 3 , \a\ > N . 

Note that the Gevrey scale measures regularity between analytic and C°° . More precisely, when s = 1, it 
is usual analytic function. If s > 1, it is Gevrey class function. And for < s < 1, it is called ultra- analytic 
function. 

For the Cauchy problem of the Boltzmann equation in Gevrey classes, Ukai showed, in [4] in 1984, 
that there exists a unique local solution for both spatially homogeneous and inhomogeneous cases, with the 
assumption on the cross section: 

|B(|z|,cos6»)| < K{1 + |z|~ 7 ' + \z\~<)8- n+1 - 2s , n is dimensionality, 



T.-F. Zhang and Z. Yin 



(0 < i < n, < 7 < 2, < s < 1/2, 7 + 6s < 2). 



In particular, for the spatially inhomogeneous case, by introducing the norm of Gevrey space 

M 1/3] 
Pi Pi 

{a!}^{/3!} 1 



\f\\s,p 1 M 1 ,p 2 ^ 2 = 22 s n \\viS 2 ft\\»2 " 9 £^/IU°°(RsxR?). 



a,/3 

Ukai proved that, under some assumptions for v and the initial datum fo(x,v), the Cauchy problem Ijl.ljl 
has a unique solution f(t,x,v) for t S (0, T]. 

On the other hand, Desvillettes established in [3] the C°° smoothing effect for solutions of Cauchy problem 
in spatially homogeneous case, and conjectured Gevrey smoothing effect. He also proved, without any 
assumptions on the decay at infinity in v variables, the propagation of Gevrey regularity for solutions (see 

0). 

In 2009 Morimoto et al. considered in [7] the Gevrey regularity for the linearized Boltzmann equation 
around the absolute Maxwellian distribution, by virtue of the following mollificr: 

Gs(t,D v ) = i + det{Dv)1/ „ , 0<8<1. 

We remark that the same operator was used in many related models such as the Fokker-Planck equation, the 
Kac's equation, the Landau equation, and so on. 

In the mild singularity setting < s < 1/2, Huo et al. proved in [5] that any weak solution /(£, v ) to the 
Cauchy problem (|1.1[) satisfying the natural boundcdness on mass, energy and entropy, namely, 



(1.2) J ^ f(v)[l + \v\ 2 + log(l + f(v))]dv < +co, 
belongs to H + °°(M. n ) for any < t < T, and moreover, 

(1.3) /er([t„,T];if+°=(l")), 

for any T> and ^0 e (0,T). 

In paper [9], the five authors proved the smoothing effect on the solution with weight. More percisely, 
if the non- negative / belongs to Hf( (ti , ^2) x f2 x R^ j , solves the Boltzmann equation (|1.1|) in the above 
domain in the classic sense, and meantime satisfies the non-vacuum condition [[/(£, x, f)||i,i(R3) > 0, then it 
follows that, 

/ettr((*i,*2)xfixMS), 

and hence it holds, 

/eC°°((t 1 ,t 2 )xO;5(E3)). 

Therein the five authors also considered a kind of solution having the Maxwellian decay, based on which 
we introduce the following definition: 
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Definition 1.2. We say that f(t,x,v) is a smooth Maxwellian decay solution to the Cauchy problem il.l]) if 

/>0, #0, 

3 5 > such that e 5 °^ 2 f £ L°° ([0,T]; H+°°(R 3 X x M*)) . 

Note that the Theorem 1.2 of [9] shows the uniqueness of the smooth Maxwellian decay solution to the 
Cauchy problem (jl.l|l . 

In 2010 Morimoto-Ukai considered the Gevrey regularity of C°° solutions with the Maxwellian decay to 
the Cauchy problem of spatially homogeneous Boltzmann equation (see |10|). Motivated by their results, we 
studied this problem in |11| in a more general framework. More precisely, we considered the general kinetic 
factor 3?(|i>|) = \v\ J instead of the moderate form (v) 7 = (1 + |u| 2 ) 7 / 2 in [10 , and a wider range of the 
parameter of 7 such that 7 + 2s 6 (— 1, 1) which applies for both hard potential and soft potential. 

In the present paper, we study still in the general framework $(|v|) = v| 7 with 7 + 2s G (— 1, 1) in the mild 
singularity assumption < s < 1/2. Beyond that, we focus here on the spatially inhomogeneous case, which is 
much more complicate than homogeneous case (because, in the spatially inhomogeneous case, the interaction 
between the kinetic part and nonlinear collision part is very complicate). The full, spatially inhomogeneous 
model is more closely related to the real physical setting, thus, is more meaningful and interested, and in 
particular is a cornerstone of statistical physics. 

Since the estimates obtained in |11] can carry over to the inhomogeneous framework, it seems easy to 
begin our justification. We can handle with the space variables x by virtue of one more integrations. However, 
it is difficult to clarify distinctly the process when taking double supremum on space variables x and velocity 
variables v, which will be related to a more intricate technique, as we will see later. We aim in this work 
at expressing the whole process explicitly. Combining with the previous result in |11) . we can get a whole 
characterization of the Gevrey regularity of smooth Maxwellian decay solutions to the non-cutoff Boltzmann. 
We wish these results will be useful for the forthcoming research. 

1.3. Main results 

When considering the Gevrey regularity we may assume to = in the above statement by translation. 
Now we are in a position to state our main result of propagation of Gevrey regularity, as follows: 

Theorem 1.3. Letv\ > 1, v% > \(which are independent of s) and assume thatO < s < 1/2, —1 < 7+2,s < 1. 
Let f(t,x,v) be a smooth Maxwellian decay solution to the Cauchy problem 1 1.1]) . If there exist p' , 8' such 
that 

P' lal+m \\e 5 ' {v)2 d2d$f(0)hl v 

(1.4) SUp ^—r: p— ^ — < +OO, 
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then there exist p > and <5, k > with S > kT such that 

P lal+W \\e is - Kt){v)2 d^f(t)\\ Llv 

(1.5) SUP SUp ;— - : — — : — <+00. 

te(OT ]a ,0 {a\}»i{j3l}»* 

Remark 1.4. It should be noted that the above theorem is similar as Theorem 1.3 in JTTj, but here we 
consider the spatially inhomogeneous case. 

By using the arguments in Section 4 below, we obtain the Gevrey smoothing effect of order l/(2s) in 
variable v and order 1 in variable x as follows: 

Theorem 1.5. Assume that < s < 1/2, — 1 < 7 + 2s < 1. Let V\ = 1, v-2 = l/{2s) and let f(t,x,v) be a 
smooth Maxwellian decay solution to the Cauchy problem \1.1\) . then for any to G (0, T), there exist p > 
and <5, k > with 6 > kT such that 

/! ,i«i+i/si|| e ('-«t)<'') a ^a^/(t)ll L2 

(1.6) sup sup — — — —— — < +00. 

1.4-. The structure of the paper 

The remainder of the paper proceeds as follows. In the next section we give some preliminaries and a key 
lemma, by which we can complete immediately the proof of Theorem 11.31 Section 3 is devoted to the proof 
of the key lemma. Section 4 is arranged for the justification of Theorem 11.51 about the Gevrey smoothing 
effect. 



2 Preliminaries and the key lemma 

2.1. Preliminaries 

We give some notations and fundamental facts here, (see [TUl E] for details) . 

Denote dgf = d^d^j f throughout this paper. Let I. r G Z + whose values will be chosen later. For 5, p > 
we define: 

[ ' ||/||*,I,p,r,a,/9 - {( a - r )!}-i{(/3_ r )!}^ 

where a, /3 are multi-index of Z 3 , i.e., a — (a 1 , a 2 , a 3 ) G Z 3 + , /3 — (/3 1 , /3 2 , j3 3 ) <eZ 3 + . We denote 

{a - r)\ = (a 1 - r)!(a 2 - r)!(a 3 - r)!, 



and 



c: 



ai _ 



n 



a.\\a2^. 
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We introduce the definition: 

(2.2) ||/||j,p,r,iV = SUp \\f\\s-Kt,l,p,T,a',P' 

3r<|o,'|<JV 

3r<\/3'\<N 

with hxed 8, k > satisfying 8 > kT. Here iV is a fixed large integer satisfying 3r < |a|, |/?| < N — 2. 
Arguing as in [lOj, we can obtain that, for h > f , 

(2-3) ll/lli,p(i + h)-«i-" a ,r,iv(*) < (^-) II/IIi,p,o,jv(*). 

Setting p = p' and taking a large enough /i, then it follows from the assumption (|1.4p that, we may let 
ll/lkp'(i+/i)-' y i-"2,r,jv(0) be as small as possible, where <5 can be chosen any positive less than 8' > in (|1.4[) . 
Therefore, in order to prove the result (11.51) . it suffices to prove that, 

(2.4) sup ||/||i,p, r ,jv(t) < oo, 

te(o,T] 



under the assumption that [[/[|j,p,r,jv(0) is sufficiently small. Above, p = p'{\ + h)~ 



■V-L—V2 



2.2. The key lemma 

Now we give the key lemma, which will play an important role in the following sections. 

Lemma 2.1. If I > 4 and r > 1 + Vi/(vi — 1), i = 1, 2, then for any a, (3 satisfying 3r < \a\, \/3\ < N — 1 
we have 

rt 



(2-5) ll/(t)lltf-«t,l,„ J r I a, J 9 + 2K/ ||/(r)||j_ Br ,, + i lftr , a ^dT 

Jo 

<\\f(P)\\h,p,r,a,P + G K f (||/||f,p, r ,iv(T) + 11/llSS 7 "^))^ 



/v 



sup / ||/(t)||*_ k ,| + i p .r, a ,adr. 



J-U 3r<|o,|<iV JO 

3r<j/3|<Af 



where r\ £ (0, 1). 



Following along the same lines as that of Section 2 in [TU], we can prove Theorem 1 1.31 and so omit it. 
The proof of this lemma will be given in the next section. 

3 The proof of the key lemma 

3.1. Rewrite the equation 

Applying d^ to Eq. ITT]) . we have, for |/3| = 0, 

(3.1) d t (dp) + v ■ V x (d$f) = d$Q(f, /), 
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and for |/3| > 1, 

(3.2) d t (d$f) + v ■ V x (d$f) = -£/3^+ e e ;/) + 0f Q(/,/), 

i 

where j = 1,2,3, and j3 = (/3\^ 2 ,/3 3 ), e x = (l,0,0),e 2 = (0, 1,0), e 3 = (0,0,1). Note that if ft - 1, the 
j-th component of /3 — ej, equals to —1, then /3 J will be zero, the above equation will still hold true. We will 
consider only the case |/3| > 1 because the estimates for the case |/3| = are similar and easier. 

Let fj, = ns,n(t) = e~(' 5 ~ Kt )^ with S > nT. Multiplying by ^i~ x both sides of the above equation, we 
obtain 

(3.3) d t {^- l d$f) + v ■ v I ( M - 1 ^/) + ^) 2 ( /i - 1 a;/) = -Y^P^^T-l]!) + ^ 1 dpQ(fJ)- 

Set F = fi-\f and denote F^ a ^ = fi^d^f = ^d^dgf for a, /3 € 7L\. We can rewrite Eq.flU} as 
follows: 

(3.4) d t F(°^ + v ■ \7 x F^ a ^ + k(v) 2 F^^ 

= -^^( M - 1 9^/) + / i- 1 ^Q(/,/) 

3 

= _^. F (a+l,^-l) +M -lQ (/)9 a /)+ £ C<£C$ll- X Q{dfJ,dfJ). 

|ai|+|/3i|>l 

Noticing that /x/x* = // //„, we then get the following formula, 

.-in/* j-n^.cm i / / d/\. ..' \T?'rii 



t^ l Q(f,g) = Q(»F, G) + jj B( M * - n'*)FlG'dv*da, 
Thus we obtain, 

(3.5) <9 f F (a ^ + « • V x F (a ^ + k{v) 2 F^'^ 

= -/3.F ( ~ a+1 ^-^ + Q( l xF,F^^)+ Yl C^C^Q(fiF^'^\F^ 2 '^) 

l"i|+l>i|>i 
+ Y, G ? C f- Jj B(iJL*-^)(F^>My*(F^Mydv*da. 

a, 13 

Set Wi = (v) 1 . Taking the L 2 v inner product with W 2 F^ a '^\ we have, 

(3.6) \j\\WiF^\\ 2 + K \\W l+1 F^-^\\ 2 + I! " v V X F^ WfF^dxdv 
_P . F ( a +i,p-i) wfF^ a ^dxdv + (Q(nF,F^ a '^),W^F^^ 

J2 C^C^(q{hF^^\F^ 2 '^),W^F^ 



,/3) 



|ail + l>ll>l 
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a,P 



Y.C^Cp 1 //// B{^ -^(F^'^y^F^^ywfF^'^dxdvdvvda 



±K(t)+ Uf'°\t,x)dx + J2 C ^ C f h[ auPl) (t,x)dx + J2C2 1 C p p 1 j^ 1 ^\t,x)dx 

<*,0 ' a, p 

ai| + l/3i|>l 

=Tl(t) + ^(t) + J(t)+K(t). 
We notice that the third term on the left-hand side equals to 0, i.e. 
(3.7) // v-V x F {a ^ WfF^'^dxdv = f v( f V x [(WiF ia ^) 2 ]dx )dv = 0. 

Multiplying by si a _ r yyiu 1 siR_ r )\\i"i both sides, and integrating in time from to t 6 (0,T], we obtain 
finally, 



(3.8) ll/(t)H2-«t I I,/.,r,a >i 9 + 2«/||/(r)|| 

Jo 



2 At 

S-KT,l + l,p,r,a,/3 aT 



ft 2(| Q j + |/3|) 

1 2 i o i ' 



<ll/(0)[|J f j,„ lPl „^ + 2 



{(a-r)!} 2 ^{(£-r)!} 2 ^ 



K(t) + *(t) + J(t) + K(rj\ dr. 



3.2. Estimates on TZ(t), #(*), J(t), Kit). 

Step I: 

Firstly we have 



(3.9) 



W)\ = 



_P . F (^+hP-l) W 2 F ( a ,l3) dxdv 



<C\\WtF< a+1 *l } - 1 '>\\ I z ; \\W l Ft a >n\\iz n 



This yields 



(3.10) 



P 



2(|a| + |/3|) 



{(a-r)!} 2 ^{(/3-r)!} 2 ^ 



\R{r)\dT 



(a + l-rY 1 ft p (\<*\+V+(m-i)\\ WlF (<*+hP-i)\\ L2 p \"\+\P\\\WiF^^\\^ , 
<& — tt. ; ' / ~r, rr; ttt. : rr; • ~r, rr; ttt. rr; — dr 



(P~r) u * J {{a + l-r)l}^{(P-l-r)\}^ {(a - r)l}^{(P - r)\}<- 

— Cjv / Wf\\s-Kt,l,p,r,a+l,P-l\\f\\s-Kt,l,p,r,a,P<iT 



<C \\f\\i P ,r, N dT. 

JO 

Step II: 

As for fj (tii)] we recall the result in our preceding paper |11) : 

Under the assumption — 1 < 7 + 2s < 1, we have 

(3.11) |*< ai '*> (*,*)] < C||^F^A)|| L? ||^^ a2 ^)|| L?i ||^ +1 F( Q ^|| L?i , ifl>4. 
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Here we mention that, the corresponding term in |llj is ^g ' a (i), and we can consider the space variable 
x as parameter. 



Then if Icki I < 



we have \a± I + 2 < TV and 



(3.12) / #^\t,x)dx <C||^F(^^)|| II^^^.Wll ||^ +lF («,«|| 

<C||^F( ai + 2 -*) H^ || WiF^'^ \\ Llv ||W, +1 F< a »« \\ Llv , 
where in the second inequality we have used the embedding ||/i||ij2 < C||/i||ioo. 



On the other hand, if |ai| > 



(3.13) 



T 3 



^ u01 \t,x)dx 



- 1, which implies that |o!2 1 + 2 < N, we have 

KCWWtF^'M \\ Ll{Ll) || WiF(«^) Hi-,^;) ||W,+i F< a '« || LS(L j) 

<C|| WjF^'^J \\ LliLl) \\W t F^^ ||^ (L ,) [[ W, +1 F< a '« \\ Ll{Ll) 
<C||^F^A)|| L2 \\WiF^ +a ^\\ L3 \\W l+1 F^\\ L * . 



Therefore, we obtain if |ai| < 



then 



(3.14) 



P 



2(l"| + |/3j) 



>(aiA) 



f*P^>(t,x)da 



<C 



{(ai + 2 - r)!}^{(o 2 - r)!}^{(" + 2 - r)!}^ {(ft - r)!}^{(/?2 - r)!}" 2 



{(a-r)!} 2 "i{(^-r)!} 2 ^ " {(a - r)\} 2 ^ {(/3 - *■)!}"* 

X ||/|U-Kt,i,p,r,ai+2,ft ||/||<5-Kt,i,p,r,a 2 ,^2 ||/||<5-Ki,M-l,p,i-,a+2„8 , 



and if |ai| > 



1, then 



(3.15) 



P 



2(M + |/3|) 



/^ Ql,/Sl) (t,s)da: 



<C 



{( Ql - r)!}^{("2 + 2 - r)!}^{(« + 2 - r)!}^ {(ft - r)!}^{(& - r)!} 1 



{{a-r)\} 2 ^{{l3-r)\} 2 ^ ~ {(a - r)l} 2 ^ {(/3-r)!}^ 

x ll/IU — Kt,Z,p,r,ai,/3i ||/||{-Kt,l,p,r,a2+2,^2 l/IU-K.t,2 + l,p,r,a+2,/3 ■ 

Step III: 

Next, concerning ^ ' (t,x), we use the coercivity estimate in [TT] : 

(3.16) *i°'° ) (*,a;) + c ||Wi +7/2 F( a >«||^. < C||^ +7 F( Q ^|| LS ||^F^)|| LS 

<C||Wi + iF( '«||M||WiF( '«|| iS . 



Then it follows 



(3.17) 



T 3 



^^(t.^^ + Coll^+^F^^IIIj^^CII^F^^II^JI^+iF^)!! 



LI 



10 



Gevrey regularity of the inhomogeneous BE 



(0,0), 



Observing that ^(t) = J T3 ^\ : '(t,x)dx, we have 



(3.18) 



p 2(|a| + |/3|) ^^ 



{(a-r)!} 2 ^{(£-r)!} 2 ^ 



/ p 2(|a|+IW ||^ +7/2 F ( ^ ) ||| aj(g . ) j 
r r ° '„ {(a-r)!} 2 ^{(£-r)!} 2 "= dT 



<C / ||/||<S-KT,i,p,r,a„8 Wf\\s-KT,l+l,p,r,a,ffdT 
JO 



<C K 



\l,p,r,N<lT + — Sup 



3r<|c|<iV JQ 

3r<\/3\<N 



I ZIU-Ki-.Z+l, p,r,a„9^ T - 



Step IV: 

Now we consider the term ty^* 1 '(t,x) with the restriction [ai| + |/?i| > 1. By virtue of the upper bound 
estimate for collision operator Q from Proposition 2.9 of [T2"] : 

Lemma 3.1. Let < s < 1 and —1 < 7 + 2s < 1. For any p£l and m £ [s — 1, s], i/iere exists a C > 
swc/i i/iai 



(<?(/,<?),< 



L 2 (R 3 ) 



<c(\\f\\ L i + + ||/IUOllfllL 



{ S + m,(2 S -l + e )+} \\h\\ H S 

(p + 7 + 2s) + 



Applying above lemma with / = /j,F^ ai '^\ g = F^^ 2 \ h = W^F^), P = I - 7 - 2s, and m = s, by 
setting 77 — 1 — (7 + 2s) if 7 + 2s 6 (0, 1), we can infer that, 



* 



(«i,ft) 



<C(\\nF^-M\\v + + [[^ (ai,/Sl) ||w)||Wi^ 0,a ^|| 1 pi.[[Wi +7+2> ^ a '«|| ia 

<C|| WiF( ai A) || L 2 1| Wi+iF^'*) \\v \\Wi +1 - v F^\\ L 2 
+ CWWtF^'M \\ L 2 \\WiF^^+^ \\ L 2 \\W l+1 F (a ^ \\ L 2, 



in view of 2 s < 1 and 



d v (w m ~ l d%f) = d^Wiir^dgf + w^- l d;i + j. 

Whereas in the case 7 + 2s 6 (— 1, 0], by setting 77 = 1 + (7 + 2s) 6 (0, 1], we have 



* 



(«i,ft) 



<c(||/.f^a)|| l1 + w^^w^ww^^^w^wwt+^sF^^w^ 

!--,-2s + (t + 2s) + 

<C\\WiFt ai 'M \\ L 2 WWi+iF&fM \\ L 2 WWiF&'V \\ L 2 

+ CmF&'M \\ L 2 1| W,i?(«.&+i) || L 2 ||^F(^) || L 2 
<C|| W^-*) || L 2 \\W l+1 F^^ \\ L 2 \\W l+1 _ v F( a ^ \\ L 2 

+ C||^F( QlA )|| L 2||^F( tt2 ^ +1 )|| L 2||^ +1 F( tt ^|| L 2. 



Note that we have the same estimate on \j/^ Ql ' Pl) i n both cases < 7 + 2s < 1 and — 1 < 7 + 2s < 0, then 
we can write that if |ai| < 



(3.19) 



y[ ai ' Pl \t,x)dx 



^C-II^F^^^II^^^IIW^F^^IUj^^II^+i-^^IUj^) 



11 



T.-F. Zhang and Z. Yin 



+ C||T^ ; F^^)|| Lso(LS) ||^^^^+ 1 )|| L 2 (L , ) ||^ +1 F( Q ^|| L 2 (L 2 ) 
<C\\W l F^+ 2 ^ \\ Llv \\W l+l F^^ \\ Llv \\W t F^ n^ 



Since the Holder inequality yields 



WW^GWvKWGWUWtGW 1 ^, 



we obtain if |ai| < 



(3.20) 



T 3 



%[ au01 \t,x)dx 



1, we can arrive at 



<C\\W l F^+ 2 ^ \\ Llv \\W l+1 F^<^ \\ L 2 v \\W l+1 F^ ||^ WW^V || J, 

+ C||W;F( ai+2A )|| i 2 J|^F(" 2 ^ 2+1 )|| L 2 e |[M/ ;+ iF( tt ^)|| L 2 e 
=Ji(t) + J 2 (t). 

Or alternatively, when |ai| > 

<C\\WtF^^ \\ L 2 xv \\W l+1 F^+ 2 ^ \\ L 2^ WWi+tF&M ||^ \\W,F( a <ft \\ n Ll 

+ C\\W l F^^^\ L 2jW l F^+ 2 ^+ 1 ^\ L 2j\W l+1 F^^\\ L 2^ 
=Ji(t) + J 2 (t). 

Above, rj = 1 - (7 + 2s) if 7 + 2s e (0,1), or 77 = 1 + (7 + 2s) if 7 + 2s e (-1,0]. 



(3.21) 



r ;s 



*[ ai,/9l) (t,x)da: 



Thus, if |ai| < 



, we get that 



(3.22) 



p2(|a|+|/?|) j^) r( ai + 2 _ r)!}^{(a 2 - r)!}^{(a + 2 - j-)!}" 1 {(ft - r)!}^{(/3 2 - r)!}^ 



<C 



{(a-r)!} 2 ^{(/3-r)!} 2 ^ - {( a _ r )\} 2 ^ {((3 - r)!}"> 

x ||j |U-Kt,;,p,r,Qi+2,/3i ll/IU_ K t 1 i l/ 9, ri a+2,/3 11/ H<S-Kt,Z+l,p,r,a 2 ,ft2 II / IU- K t,Z+l,p,r,a+2,/3 ' 



and 
(3.23) 



p2(|a|+|/J|) j 2 ( t ) ^{(ai + 2 - r)!}«^{(a 2 - r)!}^{(a + 2 - r)!}" 1 {(ft - r)!}«*{(/3 2 + 1 - *•)!}"* 



<C 



{(a-r)!} 2 ^{(/3-r)!} 2 ^ - {(a - r)l} 2 ^ {(/3 - r)!}^ 

X ||/||i5-Kt,i,p,r,ai+2,/3i || /|| 5-ret ,J, p,r\a 2 , 02+1 ||/||<5-«;t,J+l,p,r,a+2,y8 • 



Similarly, when |ai| > 



1, we can have 



(3.24) 



p2(|a|+|/J|) j l(t ) {( ai _ r )!}-i{(a 2 + 2 - r)!}^{(a + 2 - r)!}^ {(ft - r)!}"*{(/3 2 - r)!}^ 



{(a-r)!} 2 ^{(/3-r)!} 2 ^ 



<C 



{(a-r)!} 2 ^ 



{(/3-r)!}"» 
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x \\j\\8-Kt,l,p,r,ai,/3i \\j\\S-Kt,l,p,r,a+2,0 ll/IU-Kt,J+l,P,r,Q2+2,/9a \\f\\s—Kt,l+l,p,r,a+2,P ' 



and 

(3.25) 



p 2(\«\+mj 2 ( t ) U ai _ r )l}^{(a 2 + 2 - r)!}"*{(a + 2 - r W {(Pi - r)\y*{{p 2 + 1 - r)!}^ 



<C 



{(a-r)!} 2 ^{(/3-r)!} 2 ^ - {(a - r)!} 2 "i {(/3 - r)!}«* 

X ||/IU-Kt,i,p,r,ai,/3i ||/||<5-KiJ,p,r,Q 2 +2,^2 + l II / \\s-Kt,l + l.p,r,a+2,0 ■ 

Step V: 

Before continuing the proof, we state a useful lemma, as follows: 

Lemma 3.2. If v > 1 and 2 < r € N, then there exists a constant B > depending only on r such that for 
any a G Z 3 , 

(3 26) V C ^ {{ai - rW{{a2 - rW <B 

(3 - 26) 2. 6 « {(a-r)!}" " ' 

a— ai+a2 

.,„, {(ai + 2 - r)\y{{a 2 - r)!}"{(a + 2 - r)!}* 



(3.27) £ C- — '^^;;,^--— <C N ±B>. 

a= ai +a 2 U 7 ' ; 

Furthermore, if v > 1 and r> 1 + i//(i/ — 1), i/ien i/iere exists a constant B' > depending only on v and r 
such that for any / a € Z 3 , 



(3.28) 



a—ai-\-a2,&i^0 



a , {{ai-r)\Y{{a 2 + l-r)\y < fi „ 
{(a-r)!}^ 



Note that the first and third result were established in [TO] , and the proof of the second share a similar 
scheme as the first, so we omit it here. Additionally, we will consider B, B' and B" as 1 in later proof. 

Now we resume the proof of Lemma \2. II As for the integral including JC(t) in (|3.8f) . from f|3.14[) we can 
infer that, if |ai| < 



(3.29) 



p 2(H + lW \ K{j) \ <c {(Ql + 2 - r )!}-i{(a 2 - r)!}"i{(a + 2 - r)!}^ {(ft - r)!}"H(ft - r)!p 



{(a-r)!} 2 "i{(^-r)!} 2 ^ - ^ ~ Q ? {(a-r)!} 2 "i {{P~r)\} v * 



X / \\f\\s-Kr > l,p,r > a 1 +2,0 1 \\f\\s-KT,l,p,r,ci2,02 \\f\\s-KT,l+l,p,r,a+2,0 

Jo 



dr 



— C / \\f\\s-KT,l,p,r,a 1 +2,l3 1 \\f\\s-KT,l,p,r,a 2 ,02 \\f\\s-KT,l + l,p,r,a + 2,fj dr 



<c- 



4c 



\S-KT,l,p,r,ax+2,0i \\f\\s-KT,l,p,r,ac2,02 dr + e \\f{ T ) \\s-KT,l+l,p,r,a+2,P dr. 



and if |ai| > 
(3.30) 



1, we have correspondingly, 



n 2(|a|+|/3|) 



/C(r)| 



{(a-r)!}a"i{G8-r)!}** ^ 



ir7ft {(Qi ~ rQ!TH(a2 + 2 - r)\}^{(a + 2 - r)!}"i {(ft - r)!}^{(fe - /•)!}■* 
^ {(a-r)!} 2 "i {(/3-r)!}" 2 
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K I \\f\\s-KT,l,p,r,a 1 ,fi 1 \\f\\5-KT,l,p,r,a 2 +2,02 ||/||«-KT,J+l,/i>,r,a+2,/3 &T 
JO 

<C / \\f\\s-Kr,l,p,r,a 1 ,l3 1 \\f\\s-KT,l,p,r,a 2 +2,P2 \\f\\s-KT,l+l,p,r,ct+2,/3 d.T 
Jo 

— C~7~ I ll/IU-K.T,i,p,r-,ai,/3i \\f\\s-KT,l,p,r,a 2 +2,[32 d T + £ \\f( T ) \\$-KT,l + l,p,r,a+2,l3 ^T, 



In what follows we agree that 

a.1 = a.\ + 2, 
(3-31) \ a' 2 = a 2 , if |oi|< 

a' = a + 2, 

We then introduce the following notations: 



a x = ct\, 
or { a ' = a 2 + 2, if |ai| > 



(3.32) 
(3.33) 



Ai = Sup Sup \\f(t)\\s- K t,l,p,r,a',P', 

te[0,T] |a'|<3r 

|/3'|<3r 
[f]l,p,r,N(t, ao) = Sup ||/(t)||«-«;t,J,p,r,a',/3'j 

|a'|<3r 

3r<|,8'|<JV 



where AT takes the same value as before. Besides, «o only stands for some multi-index less than 3r, and there 
has been no need to know its exact value. Likewise, we can also define [f]i,p, r ,N(t, Po)- 
Now, by setting Nq = 3r + 2, we shall give the different bounds on the factor 

" = II f II 2 llfll 2 

' — ' \\J II (5 — KT,/,p,r,a^,/3i \\J 1(5 — KT,l,p,r,a' 2 ,f32 ' 

with respect to the values of components |aj.|, c/ 2 and ft|, |ft while taking supremum on |a'| and \/3\: 

* If la'J, \a' 2 \ < No and moreover, 

• if |/?i|, ft| < 3r, we have sup S < Af; 

JV <|a'|<N 

3r<j/3|<7V 

• if |ft| > 3r, |ft| < 3r, we have sup S < A 2 [/] 2 pr >JV (a ); 

JV <|a'|<N 

3r<\/3\<N 

■ if |ft| < 3r, I ft. I > 3r, we have sup S < A 2 [/] 2 pr >N (a ); 

JV <|o'|<N 

3r<|/3|<AT 

• if |ft|, |ft| > 3r, we have sup H < [f]t iPirtN (ao); 

JV <|o'|<N 

3r<|/3|<7V 

* If |ckj_ | > Nq, \a' 2 \ < No and moreover, 



• if |ft|, |ft| < 3r, we have sup S < A 2 [/] 2 pr , ^(ft); 

JV <|a'|<N 

3r<|/3|<7V 

• if |ft| > 3r, |ft| < 3r, we have sup H < A 2 ||/|| 2 prJV ; 

JV <|o'|<N 

3r<|/3|<AT 
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■ if |0i| < 3r, |0 2 | > 3r, we have sup S < [/]?,,,,,* («o) [/]?,,,,,*(#>); 

N <|q'|<JV 

3r<|^|<Af 

• if |0i|, l&l > 3r, we have sup S < [/]f )P)r>Ar (ao)||/||^ >r)N ; 

«0<|a'l<N 

3r<|/3|<iV 

* If K| < 3r, |a 2 | > iV , we have 

• if |0i|, |0 2 | < 3r, we have sup S < A? [/]£„,,. „(#,); 

«0<|a'l<« 

3r<|/3|<Af 

• if |0i| > 3r, |0 2 | < 3r, we have sup S < [/]? i/ , ir , JV (a )[/]^ iriJV (A)); 

N <|a'|<JV 

3r<\/3\<N 

■ if |0i| < 3r, |0 2 | > 3r, we have sup S < ^||/||^ ir , w ; 

N0<l°'l<« 

3r<|/9|<Af 

• if |0i|, |0 2 | > 3r, we have sup S < [/I^.atMII/H^at; 

N <|q'|<JV 

3i-<|/3|<iV 

* If la^l, |a 2 | > -^0) w e have 

• if |0i |, |/?2 1 < 3r, we have sup S < [/]? iPir;JV (0o); 

«0<l°'l<« 

3r<|0|<JV 

• if |0i| > 3r, 1021 < 3r, we have sup S < [/]?. p . r ,Ar(0o)||/||?. p . r , w ; 

«0<|a'l<« 

3r<|/9|<Af 

• if |0i| < 3r, |0 2 | > 3r, we have sup S < [f}t p . r , N (M\\f\\l P . r ,m 

«0<|a'l<« 

3r<|^|<JV 

• if |0i |, |02| > 3r, we have sup S < ||/||f iP)r>Jvr . 

«0<|a'l<« 

3r<|/3|<Af 

Thus, together with the above inequalities, we get, 

(3.34) 

sup S < ||/||f, P!r .,^ + ll/ll^^ivlt^f^^^C^o) H- [/]^ >7 -,iv(^o) Hh ^-f} Hh {[/jf^^^Coro) 

JV <|a'|<JV *■ J *■ 

3r<j/3|<AT 

+ [/]t, r ,iv(0o) + [/]' P , r ,iv(«o) • [/]f, p , r ,iv(0o) + Af[f}l p ^ N (a ) + An.f}i p . r , N (M + Af}, 
By setting 

(3.35) [G t ] 2 (t) 4 [/]f iPiriJV (t,ao) + [/]f, p , r ,iv(i,0o) + Af, 

(3.36) [Htfit) 4 [/]f iPir>JV (i, a ) + [/]?,„,,,*(*, 0o) + [/]?,„,,,*(*> a ) ■ [/]?,„,,,*(*, 0o) 

+ ^?[/]?, P ,r lJV (*.ao) + Af[f]l p ^ N (t, O ) + Af , 



we then obtain, 

(3-37) jT j^-^^Ui— dr < Ck J o {||/||t^(r) + [G ; ] 2 (r) ||/||? fftriW (r) + [^(r)} dr 



p2(M+|/J|) )/c(t) | f t 
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A" 



— Sup / \\f(T)\\ s _ KTil+ltP ^ a ^dT, 

1U " 37-<|c|<N JO 

3r<\@\<N 



Considering the integral including J(t) in (13.81) . we can write that, 

I* p*l«H»l> |,7(t)| f r ft ^N+l/'D^Cr) 

7o {(a~r)!}2- 1 {(/3-r)!}2- 2 ~ J ^ a °* {(a - r)!} 2 ^{(/3 - r)!} 2 -= 



Q,/3 

/ 



JO 



„2(|c*| + |/3|) 7(V) 



13 {(a-r)!} 2 ^{(/3-r)!} 2 ^ 

*i| + l'/3i|>l 



First, it is easy to check that, from (|3.23p and p. 251) . the integral including J^if) has the same estimate 
as the inequality (|3.37|) . Furthermore, the last factor of (|3.22|l (or (|3.24|l ) is bounded by 

(3.38) C e [[/(*)||^ ti>yo>T . ;CKi ^ [[/(t)]!!.^,^^,^^ + ^(ll/C*)!!!-^,^!,^^,^ + ll/(*)lll-«t,z+i, P; .,«'^) • 

A similar procedure as that of handling with the estimate of (I3.37[) gives that, 

(3 - 39) t {(a-m + ^%}^ dT - Ck I1 {^S^^ + [Gl]2N{T) WftxrA*)} d - 

+ lL SUP / (\\f(T)\\ 2 S-«T,l + l, P ,«,?> + [Gl+l?(T))dT, 
1UU 3t .<|c,|<jv JO v ' 

3r<\f3\<N 

where we have used the notations [Gi] 2 ^ and [G7+1] 2 defined through the following formulae: 

(3-40) [G^'it) 4 [f]Zl^ a o) + lfZ V r,N^M+A 2/ \ 

(3.41) [Gi+i] 2 (t) 4 [/]? +li/)ir ^(t,ao) + [/]? +liPir ^(t,A)) + A? 



2 

1- 



Observing that < r\ < 1 implies 2/r] > 2 and 2(1 + T])/r) > 4, so we obtain the estimate on J(t) as 
follows: 

+ ^T ™p / (||/(r)||L K .,/ + i, P , Q ^ + [G i+ i] 2 (r))dr. 

3r<|fl|<JV 



5.5. Main inequalities and their proofs 

Step I: 

Combining ([23), (|3TTP|) , (J3TT51) . (|3~57|l and (l3~l2l) . we finally deduce that, 

(3.43) n/(*)iit^w+^y o {(tt '' r) ,^ ( ^,;!: dT+2K j hwig 

<ll/(0)||2, IlP , r ,a, /S + C K jT (ll/llK^W + [^] 2 /"(r)||/||t ;I .^(r) + [i? ; ] 4 (r)) dr 
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pt 

T?T SU P / (\\f\\s-Kr,l + l.p.r, a A T ) + I G ' + l] 2 ( T )) dT ' 

1U 3,-<|„|<jV JO 



3r<\f3\<N 

where < r\ < 1. 

Now we need to prove [G;], [G;+i], [Hi] have a uniform bound with respect to t € [0, T], and for sake of 
simplicity, we will only take [G;] for example. 

Step II: 

In order to prove the fact that [G;+i] has a uniform bound, we recall the definition of 

(3.44) [G l+l ] 2 (t) 4 [f] 2 +1 ^ N (t, «„) + [/&!,,,,■,*(*> A>) + ^ +1 

= SU P ll/MII<5-Kt.Z+l,p,r.a,,3 + SU P H/wlU-/st,/+l,p,r,a,j8 + ^M-1- 

|c|<3r- /3|<3t- 

3r<|/9|<JV 3r<|a|<Ar 

So it's sufficient to bound [f]i+i, P , r .N(t,ao) and [f]i+i,p,r,N(t, fio). We consider [/]z+i,p, r ,jv(t, «o) firstly. 

Rewriting Eq. (|l.l[) as before, yet taking L 2 V inner product with W 2 +1 F^ a '^ instead of W 2 F^ a ^\ we 
have 

(3.45) l^w^F^f + k\\W 1+2 F^\\ 2 + (J v V X F^ W? +1 F^dxdv 



-/3 ■ F ( - a+e ^~ e '> Wf +1 F {a ^dxdv + (Q(pF, F^'V), W^F^A 
J2 C ^ G f (Q{^ a ^ h \F^^),Wf +l F^ 



l«i| + |/3i|>l 



a, P 



J2 " 10 ! 1 //// B (V* -^){F {ai ' Pl) )'*{F {a2M )'W^ +1 F {a ^dxdvdv,dcj 



±K(t)+ U { °'°\t,x)dx + J2 CZ 1 ^ 1 U[ ai ^\t,x)dx + Y,C^C^ U ( 2 au01 \t,x)di 



■■,13 ' a, 13 

|ai| + l/3l|>l 

=TZ(t) + ^(t) + J(t)+IC(t). 

Here we use the same notations as before since these estimates are similar to the previous. 

Step III: 

We can obtain bound for lZ(i): 

p2(|a|+|/S|)|ft( r )| ft 



As for vE'(i), we get 

/■« pKH+lfl) fr( T ) /• t P 2(|a|+lffl) ll^ + i) + 7/2^ (a ^lli S ( g .) 

l ' j Jo {(a-r)!}2"i{(/3-r)!}2^ T + C ° i {(a - r)!} 2 "i{(/3 - r)!} 2 ^ 



^C / ll/l|i5-Kt.i+l,p,r,Q,0 ||/||<5-Ki,Z+2,p,r,a,/3Ch~ 
JO 
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<Ck [f]f+l,p,r,N( T ' a o)dT+-— SUp / Wf\\ 2 S- KTi l +2 .p.r, a ,pdT. 

JO iUU |c|<3r JO 

3r<\0\<N 

And for the integral including /C(£), we have 

,„ A7 , [' P 2{lal+m |AC(r)| 

1 J 7o {(a-r)!} 2 ^{(^-r)!}^ 

-^Z^ u « °/J {(a-r)!} 2 ^ i(/3-r)!}^ 

CK./3 

x / ||/||«-KT,H-l,p,r,ai,/9i ||/||(5-KT,i + l.p.r,Q^/32 ||/||«-KT,i+2,p,r,a',/9 &T 
JO 

min(|/3i|,|/3 2 |)<3r min(|/9i|,|/9 2 |)>3r 
=Ml+M 2 



/0 
K 

100 



SUP / Wf(T)\\ 2 5- KT ,l+2,p,r, a ,0dT, 



|a|<3r JO 

3r<\/3\<N 

where we have used the notation 

A l+1 = sup sup \\f(t)\\s- K t,i+i,p, r>a ,p 

t£[0,T] |a|, |/3|<3r 

and the following estimates on Mi and A^: 

(3.48) Mi <CB 2 (^ + %i f [f} 2 +ltP ^ N (r)dr + s sup / \\f(r)\\ 2 5 _ K ^ +2tPtr ^dr) , 

\ It IE Jq | Q |<3r JO ' 

3r<\0\<N 



(3.49) M 2 <CB 2 (^ [lf}t +1 ^ N (r)dr + e sup /" ||/(r)||tK T>I+2 , P ,r,a,/9^ 

v *£ Jo | Q |<3r Jo 



for any e > 0. 

As for the integral including J(t), we split it into two terms as before, then we can infer that the estimate 
J 2 (t) is the same as /C(£). On the other hand, we bound Ji{t) by 



p2(|a| + |/9|) ^(r) 



«' ■<Ck/ {[/]'| 1 i^(r,ao) + [/] 2 +1)P)riW (r,ao)}rfT 



{(a-r)!}M(/3-r)!}^ " K y o 

qq SU P / (ll/( T )llL K rJ+2^r, Q ,/3+^+2) dT - 



100 |o|<Sp , 

3r<\/3\<N 

Thus we get the estimate on the integral including J{t): 



t ^(H+iw |^ (r) | 

{(a-r)!} 2 <M(/3-r)!} 2 ^' " : ^7 



'/'■ <C «/ {[/]'| 1 i^S(^«o) + A 2 +1 [/] 2 +1 ^ Ar (r, ao ) + < 1 }rfr 



K 



-,. sup / (||/(r)|||_ KT ., +2 0+A? +2 )dr. 

OU | Q |<3r JO 

3r<|/3|<JV 
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Step IV: 

Finally, we obtain the following inequality 

llfmi|2 +9 /• V (H+l/8|) ll^(« + iH^- 1 ag/(r)lll; (gi!) 

\\J \ l \\6-Kt,l+l,p,r,a,8 "+" zc / FT u 12l/ , T7a \v7o7Z aT "+" z 

<ll/(0)||2,i +1 , p> a,/J + C«/ ([/]/| 1 1 + p '!5(^«o) + [/]f +1 , p ,,,Ar(r,ao))dr+^- sup / ||/||L Kr , i+2 . p , r .^(r)dr, 



<3r Jo 

3r<|/3|<W 

with < ?/ < 1. 

Then we can get the following lemma: 

Lemma 3.3. If I > 4 and r > 1 + i>i/{yi — 1), i = 1,2, i/jen /or any a, /3 satisfying \a\ < 3r and 
3r < |/3| < JV — 1, we ftaue 

(3.50) 

ll/(*)lli-/ 4 t,J+l, / , 1 r,a 1 /3 + 2k Wf( T )\\ 2 S- K r,l+2.p.r. a ,l3 dT 

JO 

<\\f(0)\\h + i, P ,r, a ,f, + C K [ ([/]f + i )P , J ., J v(r I ao) + [/]f| 1 1 ^5(r,a ))dr+^ sup / ||/|||_ BT)i+2 , p , r , Q ^(r)dr, 

JO v / 1U | Q |< 3r J 

3r<\/3\<N 

where r\ € (0, 1). 

Reasoning the same lines as that of Section 2 in [TO], we can conclude the following result, 

(3.51) sup [f]i+i lP ,r,N(t,ao)<C. 

te(o,T] 

A similar process yields that, 

(3.52) sup [/]i + i,„ lPf jv(t,A>)<C. 

te{o,T] 

By the definition of [G;+i], we obtain 

(3.53) sup [G l+l ](t) < C. 

te(o,T] 

Similarly, we can deduce that [Gi] and [Hi] have uniform bounds, as well. 

Step V: 

Up to now, we can rewrite (|3. 431) as 

(3.54) 

Wf(t)\\ S - Kt ,i, P ,r, a ,/3 + 2coJ o |( a _ r )l}^{{(3 - rW^ " ^ + Jo ll/(r)ll *-^'+ 1 ^^ dr 

JO 1U 3r<|c|<lV JO ^ ' 

3r<\/3\<N 

where < n < 1. 

This leads to the desired estimate (|2.5j) including the extra second term of the left-hand side and so 
completes the whole proof of Lemma 12.11 □ 
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4 The orders of Gevrey regularity 

We hope to show the orders of Gevrey regularity are l/(2s) for v and 1 for x. 
Firstly we modify the definition (|2.1| as 

au ,,.„ ^ p[ al P l i l \Me S ^dp\\ LimLim 

[ ' ll/ll*,i,Pi,p a ,r,a,/J - {( a -r)!}"i{(/3-r)!}«* 

Remark 4.1. If pi = P2 = P, the above definition goes back to the definition 112.1)) . Obviously, the previous 
results are fit for the modified norm, which is just the reason why we only use p in the previous process. 

4-1. Showing V2 — l/(2s) 

We now introduce a new norm 

de f 
( 4 - 2 ) lll/llkp,r,JV,i*(*) = Slip \\f\\s- K t,l,p,pt^, r , a ,0- 

\a\,\/3\<N 

As for the above norm, we can get the following integral corresponding to (|3.8|) : 

(4-3) \\f(t)\\s-Kt,l,p,pt u *,r,a,P + 2k / \\f(T)\\s- KT ,l+l,p,pT"2 } r,a,pdT 

JO 
ft 2(|a|+|/3|) 2|/3|^2 , . 

<\\m)\\h,p,p^,r,^ + 2 J q {{a " m 2, l{{f3 _ r)l} 2, 2 (K(t) + *(r) + J(r) + K(r))dr 
/■* (2\8\vo)o 2 (\ a \ + W)T 2 W' /2 - 1 



because of the fact 

(4.4) ("^IllflWII 3 = | (* 2|/9|I/ 1<7(*)U 2 ) -2|fli* •t a '^- 1 ||fl(t)|| s 

Similar to the argument of Section 4 in [10] , we obtain finally v<i = — s . 

4-2. Showing v\ = \ 

We now introduce the other new norm 

def 
( 4 - 5 ) lll/llkp,r,JV>i(*) = Sup \\f\\s-Kt,l, Pl ,p,r,a,p, 

\a\,\/3\<N 

l 

where p\ = p (1 — t "i ) 1 ' 1 . 
By ([378]) . we have 



(4.6) \\f(t)\\s- K t,l, Pl ,p,r,*,P+ 2 K / ll/(T)||2_«T,I+l > pi,p,r 1 a,/9«*T 

JO 

A* (2\a\)p^M^A-\l jff^ , 2 

+ X {(a-r)!}**{(0-r)!P* " ^ Vlli*..^ 
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ft 2\a\ 21/? 

<ll/(0)||L, Pl , P , r , Q ,, + 2 1 {{a _ r) ^/ {{/3 _ rWv2 (nr) + *(r) + J(t) + IC(r))dr, 
where we have used 
(4.7) (i_^)2H^||| 5(t) ||2 

= j t ((1 - ^) 2|Qkl llffWf) + 2|a| • ^(l - ^) 2 ' a l^- 1 || 5 (t)ir. 
Considering the third term on the left-hand side of the above equation, with v\ = 1 we have 

fk- 1 ^ - ^fWWx-1 = ^ _ t )a|a|-l_ 

Then the third term can be ignored. Thus, one can obtain immediately the inequality similar to p.54[) . 
which yields the Gevrey smoothing effect in a short interval. That leads us to the conclusion together with 
Theorem [L3l □ 
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